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ABSTRACT 

We obtain a minimal supersymmetric extension of the Snyder algebra and study its rep- 
resentations. The construction differs from the general approach given in Hatsuda and Siegel 
(hep-th/0311002) and does not utilize super-de Sitter groups. The spectra of the position 
operators are discrete, implying a lattice description of space, and the lattice is compatible 
with supersymmetry transformations. 
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1 Introduction 



Snyder showed long ago that the continuous symmetries of space-time can be made consistent 
with a lattice through the construction of a covariant noncommutative algebra. [1] The algebra 
that Snyder proposed is a nontrivial unification of space-time with the Poincare algebra. The 
lattice is a result of the discrete representations of Snyder's algebra. It is not a classical lattice 

because only one spatial coordinate can be determined in a measurement. Here we general- 
ize the Snyder algebra to get a nontrivial unification of space-time with the super-Poincare 
algebra. Our supcrsymmctric extension is minimal and also has discrete representations corre- 
sponding to a spatial lattice. The lattice is compatible with supersymmetry transformations, 
and the lattice spacing is half that of the bosonic case. The supersymmetry generators act in 
a nonstandard way on the space-time. As discussed in [2] , the translation group generated by 
the momenta is not associated with discrete translations on the spatial lattice. The system 
presented here might be useful in formulating an alternative discretization of supersymmet- 
ric field theories, where supersymmetry transformations are consistently implemented on the 
lattice. [3] Supersymmetry has been shown useful in improving rcnormalizability properties of 
noncommutative field theories, [4] and this may turn out to be the case for the Snyder model 
as well. We shall not examine field theory here, but note that the lattice appears to be the 
appropriate setting for studying field theory in this case. 

Supersymmetric extensions of the Snyder algebra in arbitrary space-time dimensions were 
previously constructed by Hatsuda and Siegcl.[5] Their general approach is based on super- 
symmetric de Sitter algebras. [6] We shall give an alternative construction which attaches a pair 
of Grassmann odd spinors to de Sitter space, but does not require the spinors to generate a 
supersymmetric de Sitter algebra. Nevertheless, the super-Poincare algebra is recovered upon 
projecting to Minkowski space-time. The algebra combines N = 1 supersymmetry with the 
Snyder algebra, and in contrast to [5], the fermionic coordinates are all anticommuting. 

The Snyder algebra and its supersymmetric extensions are characterized by a deformation 
parameter A, which is proportional to one over the lattice spacing. One can define the action 
of the supersymmetry generators on superspace in the A — >■ oo limit. Superspace cannot be 
defined for finite A (except in one-dimension), since the operators associated with the space- 
time coordinates arc not simultaneously diagonalizable. On the other hand, the momentum 
operators commute, and so we can define a 'super-momentum space' for finite A. We shall 
introduce fields on this space and write down differential representations for the supersymmetry 
generators. 

Discrete representations of the Snyder algebra were examined in [2], where it was argued 
that there are two distinct Hilbert spaces. (This is a result of the projection from de Sitter 
space.) The two are distinguished by SU{2) quantum numbers, which are integer in one case 
and half-integer in the other. In our supersymmetric extension of the model we can construct 
fermionic raising and lowering operators that combine the integer and half-integer states in 
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a single graded space. The raising and lowering operators simultaneously change the spin by 
±1/2, and the location on the lattice to the nearest neighbor. Care must be taken in defining 
an involution for the fermionic operators. Negative norm states result if complex conjugation 
connects Lorentz spinors in the standard way. On the other hand, negative norm states are 
absent upon adopting an alternative involution which maps one de Sitter spinor to the other. 

The outline of this article is as follows: In section 2 we review the derivation of the Snyder 
algebra starting from de Sitter space. De Sitter spinors are introduced in section 3. Their 
projection to Minkowski space yields the minimal supersymmetric Snyder algebra. Discrete 
representations are examined in section 4 and an involution is introduced in section 5 which 
eliminates negative norm states. A differential representation for the supersymmetry generators 
on super-momentum space is given in section 6. Concluding remarks are made in section 7, 
including the construction of the extended supersymmetric Snyder algebra. 



2 Snyder algebra 

The original derivation of the Snyder algebra starts with a de Sitter manifold. Say that the 
latter is coordinatized by Pm, M = 0, 1,2,3,4, which are all commuting and subject to the 
constraint 

PmPn vfs"" = 1 , (2-1) 

where r/^g is the de Sitter metric r/^g =diag(— 1, 1, 1, 1, 1). We take Pm to be dimensionless. 
Denote by = —£^^ the generators of the de Sitter group with commutation relations 

^^MN^^Rs^ = i{r)g^e^s - nffe^^ + 7?ff - 7?ff ^«^) , (2.2) 

Assuming Pm transforms as a five-vector with respect to the de Sitter group, one has 

[^MAT^pil] ^ .(^^RMpN _^RNpM^ (2.3) 

The projection of this system to four dimensions was obtained by defining the four-momentum 
vector p^, m = 0,l,2,3, according to 

pm 

P"' = ^pT, (2-4) 

and identifying with the space-time four vector x™, up to the dimensionful parameter A. 
For this Snyder could consistently set 

^mn ^ ^m^n _ ^n^m ^im ^ ^^m (2.5) 

and then derive the algebra for the two Lorentz vectors from (2.2) and (2.3), 

[x-,x"] = ^^-" [x-,p"]=z(r?-- + ^) [p"^,i?"]=0, (2.6) 
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where T] =diag(— 1, 1, 1, 1) is the Minkowski metric. A is a deformation parameter, and the 
Heisenberg algebra is recovered in the hmit A — )■ oo. From (2.1) and (2.4) one gets a mass upper 
bound, —p^Pm < The spatial coordinates xi, along with the orbital angular momentum 
, i, j , ... = 1, 2, 3, generate the SO{A) subgroup of the de Sitter group. The discrete spectra 
of the position operators follows from the discrete representations of SO {A). 



3 Minimal supersymmetric extension 

To get the supersymmetric version of the algebra we attach two spinor degrees of freedom to 
de Sitter space. Define Ba and 0a, A = 1,2,3,4, to be two conjugate four-dimensional spinors 
which commute with and , and satisfy the anti-commutation relations 

{eA,GB} = -^5AB {eA,eB} = {eA,GB} = o (3.1) 

Assume they give a spin contribution to the generators of the de Sitter group. Denote by 
jMN _ _jNM g^j^ q£ ^j^g orbital and spin contributions, 

where = ^jg^j^g ^j^g four- by-four spinor representation of the algebra 

pMiV^ ^RS^ ^ ^RM^NS _ r^RN^MS + r^SM^RN _ ^SN^RM (3 3) 

Then 9 and 6 transform as de Sitter spinors, while remains a five- vector under de Sitter 
transformations, now generated by , 

\j^\P^] = ^(r?r - ry^P^) 

= ^(r/rJ^^-^arJ*'"+^fs^J^^-^aTJ^^) (3-4) 

To project to four space-time dimensions we again assume (2.4) and (2.5), leading to the 
Snyder algebra (2.6) for the bosonic operators x"* and p'^. For the spinor representations, we 
choose 

S"^" = ( S^'" = - ( , (3.5) 

where wc follow conventions in Wess and Bagger: [7] = = — Il2x2 and = —a^, where 
(T^, i = 1,2,3, arc the three Pauli matrices. The 2x2 Lorentz matrices o"™" and ct™" are 
defined by 

„mn ^ r^m-n „n-m\ -mn ^ rz=.m„n z=.n^m\ /o r\ 

a = —[a a — a a ) a = —[a a — a a ) (3-Dj 
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They satisfy the identities 



zcr (T ='r)a— rj(7+ie 0^ 



y-mn^-TS^ ^ ^rm-ns _^rn-ms j^^sm-rn _^sn-nm ^37^ 

Next we express the two four-dimensional spinors B and Q in terms of four two-dimensional 
Lorentz spinors Qa, Qa, 0°' and a, d = 1,2. We write as a row matrix and as a 
column matrix according to 

e = -L,A. + e^-L(-<3+J-"«"). (3.8) 

A being the same dimensionful parameter appearing in (2.4). Since G and commute with 
p™, the four two-dimensional spinors must also commute with p^. Prom the anti-commutation 
relations (3.1) for and 0, it follows: 

i) that 0" and 0°^ are all anti-commuting Grassmann coordinates*, i.e.. 



{r , e^] = {r , e^] = {r , ^'^} = o , (3.9) 

n) that Qa and Qd are canonically conjugate to and respectively, 

{Q^,eP}=i5i {g.,^/3} = _ijf {g^^^-/3} = {Q^^^/3}=0, (3.10) 

and iw) that Qa and Qd are super-translation generators, 

{Qa,0d} = 2aad>m = {0d,0^} = (3.11) 

Finally, since and commute with coordinates x'", it follows: 
iv) that 9 and ^ also commute with x"*, while 

V A /ad \ A / ad 



*This is in contrast to [5], where the anticommutators of fermionic coordinates are in general a hnear 
combination of space-time coordinates, Lorentz generators and additional SO{N) generators. 
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Qq, Qa and generate the = 1 super-translation group. Upon including the Lorentz 
generators j™', which using (3.8) can be expressed as 

we get the super- Poincare group. From the commutation relations with j"*", 

[x^ j™"] = z(x™r?™ - x"??''"^) [p^ j"""] = - p"r?''™) , (3.14) 

it follows that Qa, Qa, 0°^ and 9°^ transform as Lorentz spinors, while and as Lorentz 
vectors. 

Eqs. (3.9)-(3.12), along with (2.6), defines a minimal supersymmetric extension of the 
Snyder algebra. It is expressed above in terms of 9", 9" and .x"^, in addition to the A'^ = 1 
super-translation generators Q^, and p™. Alternatively, instead of x"^, we can define the 
following space-time coordinates in the supersymmetric theory: 

-j^p"^9ayj-^(l - ^)9a^9 (3.15) 
It forms a closed algebra with the Poincare generators. In contrast to (2.6), one gets 

[X-,X"] = -^j-- [x-,p"]=z(r,-- + ^) b'",P"]=0, (3.16) 

where J*"" are the Lorentz generators (3.13). The latter can be re-expressed in terms of 
using (3.15). X^'s commutators with the spinors are given by 

[X^A = -^{Q + i9a^p^)a^ 
[X^,Q + i9a^Pn] = '-9a"' 

[X^,Q-iayA = (3.17) 

Eqs. (3.16) and (3.17), along with (3.9)-(3.11), give an alternative definition of the super- 
symmetric Snyder algebra. Due to the nonstandard commutation relations of Qa, Qa and Pm 
with the coordinate operators X"^ (or a;"*), the super-translation group acts in a nonstandard 
fashion on space-time. 
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4 Discrete representations 



We regard X^, ± = 1,2,3, as the position operators for the supersymmetric Snyder algebra. 
They are the spatial components of X"'. Prom (3.16), Xi, along with j^^, generate another 
SO{4) group. It follows that X^, like xi, have discrete spectra. Here we can define 

Ai = ^ (Ji + AXi) B, = ^ (ji - AXi) , (4.1) 

where Ji = ^cijk jj*^ is the rotation generator. They satisfy two 5-^(2) algebras 

[-Bij-Bj] = ■jCijk-Bk 

[At,Bi] = (4.2) 

AiAi, BiBi, As and B3 form a complete set of commuting operators.^ We denote their 
eigenvectors by \jA,jB,mA,mB >, 

A±Ai \jA,jB,mA,mB > = JaUa + 1) \jA,jB,mA,mB > 

BiBi \jA,jB,mA, mB> = JbUb + 1) IJaJb, ruA, tub > 

Az\jA,jB,rnA,mB > = mA\jA,jB,mA,mB > 

Bz\jA,jB,rnA,mB > = thb \jA,jB,'mA,mB > , (4.3) 

where uia = -JaA - 3a,-,3a , and vhb = -JbA - jB,-,3B ■ JA and jb take values 
0, ^, 1, |, ... , and label the SO{4) representations. \jA,jB,'mA,mB > is also an eigenvector of 
J3 and X3, whose corresponding eigenvalues are niA + niB and {vriA — uib)/-^, respectively. 
Applying A± or B± changes | J3I by 1 and IX^] by 1/A. 

50(4) group representations are also present in the non-supersymmetric version of the 
theory, and there uia and uib are either both integer or both half- integer. [2] It followed that 
the associated (orbital) angular momentum operators had integer eigenvalues, and also that 
the eigenvalues of the position operators Xi were evenly spaced at intervals of A~"^. We show 
below that for the supersymmetric Snyder algebra, eigenvalues of the position operators X± 
are evenly spaced at intervals of ^A"^, and that both integer and half-integer values of tua 
and niB occur in the representation of the graded algebra. This means that both integer and 
half-integer values for Ja and Jb occur in a representation of the supersymmetry algebra. 

Prom (3.14) and (3.17) one can construct various linear combinations of the spinors which 
act as raising and lowering operators with respect to the eigenvalues of the operators Xi and 

^The Casimir operators AiAi and BiBi are independent, unlike their counterparts in the non supersymmetric 
theory. [2] 
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Ji, or cquivalently, and B^^. For the case of i = 3, we can define the raising and lowering 
operators a^, A = 1,2,3,4, according to 



V2 a| 

4 



VA 



62 ±^94 = y^e^ ± ^{Q + ieayn) 

63 ± iOi 

64 T i&2 



vie' T ^{Q - icTyJh 



Their nonvanishing anticommutators are 



Prom (3.14) and (3.17) one has 



{a],,al} = {al,aU = ±l 



1 2,3 



(4.4) 

(4.5) 

(4.6) 
(4.7) 



r J l,4i -^1,4 r 7- 2,3i 

[<^3,o± ] = 2'^± [J3,a±\ 2" 

Say that \mA,mB > is an eigenvector of X3 and J3 with eigenvalue is (mA — niB)/^ and 
niA + TnB, respectively, where for convenience we ignore the dependence on the indices Ja and 
Jb- Then a^\mA,TnB > are also eigenvectors of and J3. From (4.6), the eigenvalue 
of a^\mA,mB > is (mA — tub ± ^)/A. From (4.7), the J3 eigenvalue of a]^''\mA:'niB > is 

1 2 3 1 1 

+ ms + 2) while the J3 eigenvalue of \mA,'niB > is niA + tub — 2- So application of 
aj_ simultaneously changes | J3I by ^ and IX3I by Up to degenerate states, 



1.4 1 . 
\mA,mB > 



1.4 1 ^ 
aj \mA,mB > 



2 3 1 



2 3 1 

aJ m^, niB > 



mA + 



rriA, mB + -^ 



mA, mB- - 



mA - 2''^-B 



(4.^ 



It follows that, unlike what happens in the non-supersymmetric theory, both integer and half- 
integer values of mA and mB occur in the representations of the supersymmetric algebra. 
Consequently, both integer and half-integer values of ja and jb occur in the representations. 
In the non-supersymmetric theory, the eigenvalues of the position operator are regularly spaced 
at intervals of A~^, whereas here they are spaced at intervals of ^A"^. were defined to 
raise and lower eigenvalues associated with the 3— direction. Raising and lowering operators 
can also be constructed for the 1— and 2— directions, and they yield the same spectra for the 
position and angular momentum operators. 
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5 Involutions 



There are two approaches to introducing an involution, or complex conjugation, of the algebra. 
The first which we discuss below connects Lorentz spinor with and Q with Q in the usual 
way. It leads to negative norm states. No negative norm states result from an alternative 
involution. The latter maps one de Sitter spinor to the other. 

Complex conjugation (which we denote by *) in four space-time dimensions standardly 
relates spinor representations to conjugate representations according to 



Its action on the de Sitter spinors and is then 



It is then easy to show that 



G (G*) = G 



{G1,G;} = {61,0^ = 



(5.1) 



(5.2) 



(5.3) 



This means that complex is consistent with the supersymmetric Snyder algebra generated by 
X™, Pm, ,9°^, Qa and Qa, since all anticommutators between Lorentz spinors followed from 
(3.1). We and x"^ are real. It follows that all of the de Sitter group generators 

X"* and j"*" are also real. 



For the raising and lowering operators we get 

,3 /2 \* 



(air 



a 



(air 



(5.4) 



From the anticommutation relations (4.5), the norm-squared of eigenvectors of A3 and S3 are 
related by 

2 



(5.5) 



a^\mA,iTiB > 


2 


a^\mA,iTiB > 


2 


\mA,mB > 


a^\mA,iTiB > 


2 




2 


\mA,mB > 



implying the existence of negative norm states. Alternatively, one can define 



which satisfy the usual algebra of fermionic creation and annihilation operators. 



{b'+,bl} = S' 



AB 



{6^,6^} = {6i,6i} = 



(5.6) 



(5.7) 



However from (5.2), 6^ is not the complex conjugate of 6* , again implying the existence of 



negative norm states, e.g. 



bl^\mA-imB > 



b\\mA,mB > ■ We note from (4.8), that 



while 6j_ acting on \mA, > is an eigenvector of J3, it is not an eigenvector of X3, or B3. 
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On the other hand, negative norm states arc absent if wc replace tlie * by another involution- 
operation, which we denote by satisfying (x*)* = x, {xy)* = y*x* and i* = —i. We define it 
in terms of the de Sitter spinors according to 

G* = zGa , (5.8) 

in contrast to (5.2). (5.3) is again satisfied (with ★ now replacing *), and so the * involution 
is consistent with the supersymmetric Snyder algebra. We assume that Pm and x'^ are real 
with respect to In order that the de Sitter generators X'^ and j"^"' are real under the * 
involution we need that 

u = —a a = —a \^") 

The action of the ★ involution on Lorentz spinors is more involved than the previous complex 
conjugation (5.1). Using (3.8) and (5.9), we get 

= -{{Q-i(^>ne)a 

in* = ^{Q + iOa^Pn)a 



Ql = -^(Q^")°Pn-^A^"(l 



A2 

Ql = -jia^Qfpn + iAe^il-^) (5.10) 
From (5.8), the :*r involution of the raising and lowering operators is given by 

{air = Ta% {air = ±4 ' (^-H) 

in contrast to (5.4), or simply, 

{b'±r = b'^ (5.12) 

We can then introduce a set of states {\cv >}, corresponding to Clifford vacuum states , 
i.e., b^\cv >= . They should form a representation of the (non-supersymmetric) Snyder 
algebra, i.e., the algebra generated by the bosonic operators Xi and p±, since these operators 
commute with 6* . Two such infinite-dimensional representations were found in [2]. To the 
Clifford vacuum we add all states obtained by acting with to obtain a representation of 
the supersymmetric theory. There are no negative norm states in this case, because hermitian 
conjugation is with respect to i.e., hermiticity for any vectors {tp > and \(f) > here means 
< 'ip\(f> >*=< (f)\ip >. 



6 Momentum-dependent superfields 

Superspace is standardly coordinatized by space-time coordinates and Grassmann odd vari- 
ables. This is not possible for finite A, since the space-time coordinates (either x"* or X'^) 
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do not commute amongst themselves in this case, and moreover, they have discrete spectra. 
On the other hand, since \prmPn] = 0, we can define a momentum superspace spanned by 
p™, 9°' and 9°^, and then write down fields on this space. Using -^9^ = da, gfd^ = and 
W"^''' ~ af^^^ ~ ^' represent the four spinors in (3.8) by 

Then Qa, Qa , and j"*" are given by differential operators 

Q pnipn Q , 1 „ run ^^-m^ 



■mn 



dp^ A'^ dp^J 2 2K^d9 89 

« ^^'"a '"^^ «Z + "aS' 



As is usual, one can construct fermionic operators Da and Da which anticommute with 
the super-translation generators Qa and Qa, and use them to reduce supersymmetric repre- 
sentations. They are 

d 



Da = i 



89' 
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Da = -^(^-^"'^aa^m) , (6-3) 

satisfying 

{Da, Da} = -2aaa"'Pra {Da, Dp} = {Da, D^} = (6.4) 

A chiral field $ on super-momentum space satisfies 

Da^ = (6.5) 

This is solved by 

^ = T{p,9) e-^'P-"^ (6.6) 

Assuming J-{p, 9) to be a bosonic field, it can be expanded in terms of two bosonic component 
fields and a spinor femionic field. We define the action of an operator O on the function J-{p, 9) 
according to = [OF] e~^P'"^ . Applying the super-translation generators, one gets 

QT - 

QaT = -2i{9a-p)aF (6.7) 
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Similar considerations can be made for anti-chiral fields which satisfy 

Da^ = (6.8) 

It is solved by 

^ = P{p,e) e^P"^ (6.9) 

If we define the action of an operator O on the function F{p, 9) by Ol> = [OT] e^^'^^, then in 
contrast (6.7), 

- - dT 

Q^T = -z^ (6.10) 

7 Concluding remarks 

Our derivation of the supersymmetric Snyder algebra closely follows Snyder's work.[l] In par- 
ticular, it uses his projection to Minkowski space-time. Other projections from de Sitter space 
have been considered. [5] Snyder's algebra also has been derived starting from relativistic parti- 
cle dynamics. [8], [9], [10], [11], [12], [13] Particle dynamics on Snyder space has also been studied 
in [14], [15]. Rcf. [13], in particular, begins from the reparametrization invariant action of a rel- 
ativistic particle. One arrives at the Snyder algebra (or more precisely, its three-dimensional 
Euclidean subalgebra) from a particular gauge condition which fixed the reparametrization 
freedom. It should also be possible to obtain the supersymmetric Snyder algebra starting from 
an action principle for supersymmetric particles, for example [16]. As the system has two first 
class constraints it will require to gauge constraints to eliminate all gauge degrees of freedom. 
There may exist a choice of conditions whereby the supersymmetric Snyder algebra is realized 
by the Dirac brackets. 

Finally, a number of generalizations of our construction are possible. One can consider 
supersymmetric Snyder algebras in different space-time dimensions and also extended super- 
symmetry. For the three-dimensional Euclidean version of the supersymmetry Snyder algebra, 
see [17]. Concerning extended supersymmetry, its construction is straightforward. For this we 
can introduce 2N de Sitter spinors Of and G|, a = 1, ...A'', satisfying 



ab 



= |^AB^-\ (7.1) 



where = —Z^ and Z^ = —Z^ are central charges and we define 

E^^C M E-^f'-^ ") (7.2) 



-e^oj V 
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The de Sitter generators (3.2) now contain a sum over a = 1, ...A''. Upon writing 
and substituting into (7.1), we recover the extended supersymmetry algebra 

{Qa:Ql} = 2aaa"'PmS^'' 

{Ql,Q}} = -'^^apZf, (7-4) 

upon projecting to Minkowski space-time. From (7.1), it also follows that 9^°' and 9^°' are 
Grassmann odd variables, which are canonically conjugate, respectively, to Q% and Q^, i.e., 

{Ql, e^"} = i5i5^'' {Ql, = -iSis^'' {Ql, eP^} = {Q%, 9^"} = (7.5) 
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